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Abstract—Metals are centrosymmetric materials which only
posse local surface second-harmonic (SH) nonlinearities due to
the symmetry broken at the surface. In this work the surface
integral equation (SIE) is used for evaluating SH radiation
generated from metal nanoparticles with arbitrary shapes. The
whole SIE system is solved by employing the Galerkin testing
procedure and Rao-Wilton-Gillson (RWG) basis functions. The
mutual coupling between fundamental and second harmonic field
is captured. The method is validated by comparisons with the
analytic SH-Mie solution. This method paves the way for accurate
and efficient design of general SH nonlinear nanoplasmonic
structures.
I. INTRODUCTION
Second-harmonic generation (SHG) is a second order non-
linear process where two photons of the same frequency !
interact with the material and generate one photon of twice the
frequency 
 = 2! [1]. In the electric dipole approximation of
material response, SHG vanishes in the bulk of metal material
due to the centrosymmetry property of the material. But at the
interface, this symmetry is broken, which gives rise to surface
SHG [2]. The surface nonlinearities can be taken into account
by equivalent current sheet on the surface of objects [3].
The nonlinear electromagnetic phenomena are usually mod-
eled by time-domain formulations [4]. However, these lead
to cumbersome descriptions of the material dispersion and
are required to use simplified dispersion models to perform
response convolutions. In contrast, the surface integral equa-
tion (SIE) formulation can model the nonlinear scattering from
arbitrarily shaped particles efficiently since it only requires sur-
face discretization [5], [6]. In addition, the measured material
parameters can be used directly. In this work, the SIE is used
to calculate the SH nonlinear scattering of metal nanoparticles.
II. SIE FORMULATION
Under the undepleted-pump approximation, we can solve
the nonlinear SHG problem by solving two linear problems:
first, solve the fundamental-harmonic (FH) problem; then,
solve the SH problem by using the nonlinear polarization
induced by the FH field as a source. In this work, the mutual
coupling between fundamental and second harmonic field is
captured by iteratively solving these two processes. Hence the
modeling of SHG is not restricted by the undepleted-pump
approximation limit.
A. Calculation of FH Field
The domain of the electromagnetic field is divided into the
interior of the metal domain V2, the exterior medium V1 and
the interface S. The object is illuminated by the plane wave
source E(!;inc)0 . By invoking the Love’s equivalence principle,
the equivalent electric and magnetic currents
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positioned on the external page S+ produce the scattered field
in the region V1 and null fields in the region V2 while the
equivalent currents
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, defined on the internal side
S , produce the total fields in the region V2 and null field in
the region V1. The equivalent currents satisfy [5]:(
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By combining the boundary conditions, we could obtain the
PMCHWT formulation:
C(!)x(!) = y(!); (2)
where we define the operator C(!) as
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and the vector of unknowns x(!) and the excitation y(!) as
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where l =
p
l=l; with l = 1; 2: The whole system is
then solved by exploiting the Galerkin testing procedure. The
unknowns are expanded in terms of the RWG basis.
B. Calculation of SH Field
After getting the FH field, the surface SH polarization
source P(
)S is:
P
(
)
S = 0
(2) : E
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2 E
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2 (3)
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where (2) is the second-order surface nonlinear susceptibility.
The contribution of tangential and normal component of
the surface nonlinear polarization are taken into account by
introducing the surface effective electric and magnetic current
densities [5]:
(
;e) =  i
PSt (4)
(
;m) =
1
0
nrSPSn (5)
with PSt =  n  n  P(
)S , PSn = n  P(
)S and 0 is the
selvedge region permittivity [6]. Analogously, we can solve
the SH problem by substituting ! with 
 = 2! in (2).
III. NUMERICAL RESULTS
We first validate the SIE formulation by comparing the
SH scattering of an isolated gold sphere with the SH-Mie
solution [7]. Then the SH scattering of a L-shape Nanoparticle
is investigated. Both geometries are embedded in air; so we
choose 0 = 0. The gold dispersion is modeled by fitting
experimental data [8].
A. Spherical Gold Nanoparticle
A gold sphere with radius r = 50nm is excited by a
plane wave of unitary intensity, propagating along the positive
direction of the z axis and linearly polarized along x. The
exciting wavelength  = 520 nm corresponds to the plasmon
resonance of the gold spherical particle. The number of RWGs
is N = 1524.
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Fig. 1. Normalized E-plane and H-plane RCS for spherical gold particle of
radius r = 50nm at the second-harmonic (SH) frequency. The diagrams are
in linear scale. Different combinations of SHG polarization sources have been
considered; (a) only PSn is active, (b) only P
S
t is active.
The normalized radiation patterns at the SH frequency are
shown in Fig. 1. In Fig. 1 (a), only the surface source PSn
is active, whereas in Fig. 1 (b) only the surface source PSt is
considered. In all the different test cases, very good agreement
between the SH-SIE and the SH-Mie formulations can be
found.
B. L-shape Nanoparticle
The rounded-edge L-shaped particle is illuminated by plane
wave propagating in z-direction with x- and y-polarizations,
respectively. These lead to electrically antisymmetrical and
symmetrical solutions to the scattering problem.
Figure 2 (a), (b) shows the nonlinear surface polarization
computed by using two polarizations for the incident wave at
the corresponding resonance wavelengths with x = 995 nm
for x-polarization and y = 662 nm for y-polarization. Fig.
2 (c), (d) plots the full radiation patterns computed with the
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Fig. 2. (a, b) The amplitude of the nonlinear surface polarization. (c, d)
the radiation patterns of SH field. The left column (a) and (c) corresponds to
incident wave with x-polarization. The right column (b) and (d) corresponds
to incident wave with y-polarization
developed method for the two incident polarizations at their
resonance wavelengths.
IV. CONCLUSION
We have presented a SIE formulation for solving SH
scattering generated from metal nanoparticles. The nonlinear
polarization sources can be taken into account by introducing
equivalent electric and magnetic currents on the boundary of
the particles. The method is validated by comparisons with
the analytic SH-Mie solution of a gold sphere. This method
paves the way for accurate and efficient design of nonlinear
nanoplasmonic structures.
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